8 4 -To‘:olo%‘ucq( _reminoloaies and TResutts c§ ®

'Def«m-uon 4.\

Let e® and r>o.

B = {2ekR: 1R-RAl<r} 1s said +o be the open kall centered at 2 with radius r.

Bo) = (2eR: o<R-Rl<y} 15 said 4o be the deletes open ball centered at %, with radins .

Un —Tad: B = BeE) ~ 103 .) /,' N ,,’ —
1 X - 4 ES - )
\ , ! '

B B0

n -Par-‘:imlcur, n:=t, let xeR and r>o0. Then,

Br&d = (Xo=¥. %o+ ¥) Bro) = (Xo=r, XUV Ka, Ko+ 1)
Britd B
AT X AFr A Ko AT
-Defivﬂ'tion 4.2
Let ScFK.

) %, 15 said to be an rterier 'Fo'-w&. f S -f “here exists r>o0 such that B SS.
The interior of S = dejined as-the.sctofa(l inkerior poirts cf S , dencted by e
@ %o 1s said to be an exterier point S .—)9 +there exists >0 such that B <TAS.
The edterior f S i degned as-d/\esetofauezteﬁw poirks og S , dencted by ExS).
(Remark : BExt(S) = [at(®A\). )
@) % 1s said to be a l:ou.wdana ?ome of S aj? fm— all r>o, BINS#p and BEIN(RNS)#£ ¢.
The boundary of 8 = dej‘med asﬁf\esetofat\ boundary - points cg S ., dencted b.ass.

Exow?(e. 4.\
Let S=f(x.la)€R"= osx<| .05t3<(},
//__[_/[ 4
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Exercise 4.\
let S:=fx.0)e®:xeRY.

Show that InkDp , 3823 and Bt Tty eRxeR . ygol.

’Pm\:os'rb'(ov\ 4.\
W K= e 1 3S Ul EtQ) . where U is the dls)olﬂt union .

@ D S and ExtS s RS

'Definrtxon 43

Let Se® .

> S s open i-s- -fuv- all XeS , there exists r>o such Haat B SS |, e T is an rtertor
'Fomt: c§ S.

@ S s closed lf'R"\S\soFen.

@) S: IS udS is said 4o be He closwe f S

Remark :

¢ Noke -that WSS . lf S is open . we have ReS = Rent) , ie. Scmut).
‘l'b\enefafe S s cpen zf and_onky. rf S=nk(S).

@ Note “that Bt = Iet®AS) . TA\S s open & Ext® = nt®i) = Kis

Alse. R = S I 3S [l Ext(S) .

‘l’b\arej’we S is dosed ifa.wdcnl\a_ rf Sl 38:=F .

Defln’rﬁon 4.4

et SR/ .

.eR = sad 4o be a duster Po‘m"c c'? S r? -for al e>o , BE@INS # ¢ .

S No wattec how small «~ is ,

< there exists X e such Haat

//' B X ¥R and distance bebween R and < ¢




Exqwrl:(z. 4.2

Let S:=§{-fu(e. DR

+ o f
The set cf all  custer 'Foiﬂﬁs cﬁ S =lo,q

(Bley\ -1eR ., but -l is NST a cluster 'FoMt Df 3!3

Exercise. 4.2

Llet SR . Show that e\ler\a_ wrterior 'Fo\wt is a custer FoM't c:? S.

Hev\ce,'rfS‘uscFen.-HmenevenaFothSIsadusberFemtd?&se}f.

..Deflv\\'ﬁon 4.5
et Se® .

S s sad o be.bowde:\\f-&\ereexlsts R>o such that SsB®) . n cther words ,

Zl<R ‘fv«- all eSS . S i sad +o be unbounded rf S s nst bounded .

ExamF(z 4.2

ln'ﬂg, Nom&erhow\q\—ae.'k‘&.
’/,’.—\\\ S s bounded ,'/,_-\\‘\ there are aluaaas Femﬁ outside B,

\ v

( S, /‘. { S ;- S:fx.0re®: xeR}
\\\“/,'IB&@ \\\-_’,/,B&(m s unbounded

-De‘f\‘v\\'tion 4.6

Let Se® .

S s sad o l:ecow\Po.ct rf S = closed and bounded .

Exercise 4.2

Lec §= f_(x,ta,z)e'ki- x‘-«-‘a’-s-z"gl} be de watt there. cevttered at “he or\%in n ¥
Show that T is compack..




-Defln\'t‘ion 4.3

let Sc® .

S\ssa\d-babe'Faﬁachne.d:zdlfm'amFeMEs inSare_conr\ecbadbxaa.o.«velnS.

i.e. -Eof- al %, R, €S . there exists a continuous f\m\cﬁov\ ¥:Io.3> S sudh that Vo)X,
and Y= . S 15 sad +to be disconnected -f S 1= net Connecked .

ExamFlz 4.3 o
S s connected ? 1 // S = disconnected
£ L
J
g 7

“Theorem 4.\ (Jordan Curve Theorem )

A Sth\e. closed cuve in R divides ® ko two  conrected c.emFov\e_wEs . widh one  bounded
and one  unbouwrded .

ExamFlz 4 4

unlbounded unlaounded

bownded

1 4 \counded

Remadk: An open comnected subset W R s path comnected .

-De‘f‘v\l'tbn 4.8

et SR .

S is sad 4o be convex :f -gcr al 2,2 €S, the lne Segmewb Joinin% Ro ond X, is entarel«a
NS, ie -BDF+<X, &S for all telo,1].

ExawrF(z 4.5

In P:, s ‘

S _is_conex S i3 _non-couex .




& 5 Functions c'f Several  Variables

Real Valued Functions

.D€Y\V\\'b\on 5.1

Let f='.D—>R be a:ﬁ.«v\cﬁlm,w\r\m DewR.

Then ‘f s sad 4o be a real valued -fwnc&iovx Cie. oxxbl»\-t a real number) of n_varidbles
and D s tre domain cf ‘e fwcham-f.

Exo.mF[e, 5.1
Let f:R‘—ﬂR be a -fw\ct(m deflr\ed b‘a z=f(—;c,|3)='x+13-3.
z
2 =j?(:.,l)= 242(D -3 = |
QAD
G‘lven a 'I:o'M'E on wa-?lane .
the flmdciov\ vetuns the l'\e_\jk‘t.

PafoWn “the dbove fw everta ?o‘wvb on -:ua--rlame ard hence we olstain -the %na?'r\ cs§
the fwxddov\ z=‘fec,|3) = 'x+‘>.3-3 . > Z:f&"é) - -1...}_3_3

&, 9 %Ma) )

z=f(-x,c3)=x+13—3 = 7.+>.3-z-3 =0
ClV\dSo'HAQ%fEF‘Acﬁ'?.ISQFlGV\Q.

Think: LDhat is the gvurk cf a real wvalued f.v»chm cf ‘a0 varidbles
f:b—ﬂR and D SIRI

Givena_peirt @L.«a)e'b |

(x,(a.-ftx,ca))
and associate. a Puiw(: ('x.ta,f(x.ta)) eTRs. 7%
The collection cj all 'Folwﬁs associated : >

@akwek‘&e%rn?kdﬁﬂmef«mchwf. ':




EXQWYF[G 52
Lot £:BoR be a function defined by z=fowy = i

lz wkta such a gm‘Pl'\ 2 S
\ 2=\!§(-x,«a) Recall : lf ""I"-""a = distance.
&)
between (1,13) and (o,0) K(X"a'
>y then 2 = dTag s r ﬁr Y
S ngk = a cone! £ g
Erercise. 5.4

What s 'H/\%Z%Y'OCFL\ cf f'ﬂi—ﬂk defhd Boa z=f(1,l.33=11+(61 2
Prs - 1 z=f<x.«au

v
Qs

Exa.w?le 53

Let D= {(X.Aa)= i‘-«-{s 13 be the untt dick.

and (et f:'b—hlk be a‘fw\ctlon def(ned I:ta Z=-f(x,(a)-~1(-x‘-¢a‘
L\)lma such a ngln 2
= A
z—f“'a z:J(._x’.g‘ = x‘-evg-ez":( ad zz2o .

- —-_——

%mPL\ = uppec lne.w\"sPV\e.re.'

Exaw?le 5.4
w
— 2-dim

Let $:ROR be a function defined by
w:f(x,ta,z) = -£+VS+ =. (x.9.2 .-f(‘x.vé.Z))

Uv\'fov'b.ma'(:eha ,we do net have ev\oug\n - / i ..
vt = Joke chagram.

dimension o \isualize “Hae %mrlm




E)@v?le, 5.5

A "fw\cbim f“li‘—"lk is said +to be a [wnear -fmcbon ??
f(x,z..,---,n) = A+ At -+ AXL+B for some A, A, AL.ReRrR.

We can also wwite -fet) t AR+ BR, where A=A AL A, Rl KL xwd € R

lf we write xm.-fea,x;.---.-x.& cHhen At Attt Aa - X + B =0
'l'hextfwz,-ﬁne. %na?\'\ cf Mufcx,x;.---.x.\) def\v\es an aﬁ'ine h-aPer'Flav\e_ R with
(ALAL . An.-1) _as a normal vector ®R M\’f‘luxx.“ux«)

(X4 Ky o0, Xn .f(x.,m,x.o)

= (C W SR

n Parhm\ar, rf —YGD : AR (Ge B=0), -? s said +to be a lnear -br'antfennation -from ® +o R.
Exercise : Show -that  ciy -fci.-\-'i!‘._)rf(&,)-r-fctg —f‘w al 2,3 e®;

Gy f(c?.)- c-f(*i) -for al 2e® and ceR .

Vector Valued Funcbions

Defincbion 5.2

Let f:b-»tli“be a Banction . where Dew®.

Then -f s sad 4o be a vector valued fw\c‘:im (Le. output a vector In DY o)‘? n_variables
and D s the domain cf “he 'jw»cbon-f.

Exaw?le 56
Let ffks—»ﬁ be a fw\ction defma,d b«a (TR =f6(,¢3,z) = (x+ca-t z, x‘az.S .

Then -fu,:.,tn 2 (F, ).
Remark : [ this cose Usxrytz ard Vexyz

So we can alse wrrte  (u,w) = (g 2) . Vg, 2))

where Ut 4.2 and vit.g,2) are real valued -S%Mcum "f\‘bW\ T R



Exmqale 53
Lt -fllf—»'li be a 'fw\ctien def(ned b-a

u, ) =f(7(,‘a,,z) = (-f.(-x,«a,z), ‘f,bt.ta,z)) = (x+ Ena-r Lot 5, %x-t-).\a-\-ez-\- D)
“Then , bota ‘f.(-x.,ta,zh 2+ 3\a+ Lz 45 and -f,(x.ta,z) -Bx-\-).\a-\-ez-\- L_are linear f»wcb‘-ovr\s .

'B\a wﬁb‘wﬁ (x,«a,z)eks as a matrix n My R, there 1® a sim\>lev- wan +o wrrke -

x
W ,u,2)
f@(.t&,z):[u]=|ifi‘a ]=[1 > L‘.j| 9 ...[5 :AR+B . where AeM R, XeMy (R,
vl Lfg2l s 2 6 5 l TeM.®.
A = ®

Defintbion 5.3

Let —f:ni‘—»k““ be a function .

-f s sad to be a lwear -fvw\ct'mn \—f -}czh AZ+B  where AeM R, BeM, & .
bn_particular, rS? B3, -hen f is sad 4o be a lnear “Cravsformation .

Becise 5.1

Let -f:lli\—me be a function .

Show that —f is a hnear “bransformation rf and only xf —32 Sa‘bs?le.s
i FRato =R+t Foo all 2, %% eE

Gis f(cst): c-f(-l) -for al 2e® and ceR .

ln %Qr\e.ﬂ:\i et DR we ma:a have a fvd\cbow -f:'b—alﬁ\,
(e we in‘\>ur€ a 'Fo'w('. (X, % XN €D R Wik f .k rebons g 'Pniwt wm R’
we man write -f(-x..x..---,x.\h(f.('x..x..---,xn). 1(1..1..---.&).---,fmu..x..---,xn)),

where each -f; DR = a veal valued -f\mc&ion

Rw‘ (xl,'-'.xV\l |(1..---.7L»J,'--,‘fm(i-.."',x—\))
N
N4+Mm
L/ SepeeE




Level Sets

Question : How do we wunderstand a real valued -f.mcbm wn_wmore  detail ?

.Deﬁv(rﬁov\ 853

Let f:'b—ﬂk be a.—fw\c(:iov\ . where DER.
Let ceR. The set Lc_(-f) =-§.|(c)-{(1.,1;,---,'z.be'b :-f(x.,z.,---,x..hc:} is said to be -the

level set cf-f CowesFovxdiv%'to c.

wa?‘e. 53
Let f: B->R defived bxa z=f6c,«3) = /Jv&-%‘
Let c>0, Lc_(-f)= {(x,ta)e'!kt 1 fb(,ua)u}f—t-(é" =cl = {(x,ta)e'lR\ : £+(3‘=c‘§

2% 1

/
(X,(é,f(x,xahc_)

N =W

L;('?)
L¢§) cac,xa) c Léf) . ren -f(u,-as- c and

_y So (x, 16 -Tb: ta)) =, ta Q) is a Po‘iwb llatvx% on

“the vtersection cf-('.\f\e gmlal'\off a.vd-ﬂ/\e?\av\e 2:C.

.

Remark : L°e§)={(o,o)'§ and Lcef) is e EW\‘Fb\a sek 'rf c<o.

Exaav«‘:le. 5.8
Let ‘fﬂkﬁ'A'R deftv\ed b\a z=f(x,|8)=£+(é‘
Let c>0, LC_(-Sf)- {bc,ca)e'Rk 1 f-ua‘ac 3




ln %ev\era.(, a curve in B ma be %ive.v\ \ma an e%a'bov\ -F(x,cahc.
AZ
zzf(x.'a)

2=C

Solutions cﬁ fu%hc
-fbm a  Curve.

3
\ {(‘:L,na) :fﬁiﬁa) = C.}

Exaw?le 5.9

Consider -the e%,«a'(-}ovx ta‘: *3o2x

lin facﬁ, we can move all the terms on the ﬁ%h't hand  side

D

‘o +the lef-l: . So ta"-u_s+).x=o.
Let f&a)=l§-f+lx . Then . Solutions u-f ta‘: 3.2x are exacé:ka_
Solutions cf ‘f(:t.ta\:o whiclh -fwm o cune n R

Exaw?le 5.0

Let f:'ﬂfa‘k defirad by WaFoy 2) = Kaig e 2

l—§c>o  Lepe floy 2 e R a2t sphere certered at. the origin with radius €.
Remark : L,c-§>={co,o>"§ and Lcef) s the ewr‘sha seb rf c<o.

g ldea: let -f:'D—-ﬂR be a.-fwcbiev\ ,where DER , ad lek ceR.

(Wb certain G\quwtrﬁm on f )
Lc_(-f) = -f.ICC.)'{(x.,i..,---.I.D eDd :-f(z.,x;,.--.z.\hc} dcfw\es a
-0 -dimensional mavcr-?c(d (%e.nem\iza-tion c-f Sw‘fatﬁ.) mn T

3=

(?,f(i)) =(X,c)

\Lcﬁf) ¢ (=) - dimensional mam’rfeld w ®



Exo.w?le_ 5.1
Let -f-'R—»R ke a 'YW\CE'JOV\ Then, ?a?kef& = {'(x,ca> . (xfm xeRISR
However | the gm\ﬂa cf -‘f con alse be rejardd as a level set 6§ Some. —ﬁmcbom
as ~the —%l[oww\ﬂ:
Note -Hrat ‘arf’m = fw-%ﬁo
let F:R>R be a -fmcbzon defined oy 7_=Fcn..a)=-§w-%.
Then F""‘S’w < xarfao and so LoP) - {(1,!3) eR : 'F(x,-a§=oi = %vaerf).
A z 2=Fegp

/\/ graphn

>

'Thihk'. l‘§ ‘?'.‘R“—D'R be a ‘fuv\cﬁlow .

How do we @xpress Wc—fs as a level set 6§ Some. -fmcb'«om 2

Be?ore Mot on
g ldea: n the -fcllow'm% discussion on limrks . cuntim\-ba and d‘rf?efuﬁabil\'b& O‘E -?w\c(:iem%,

we  will SEFGYU.'EE e discussion ko coses :
o) f:t&—ﬂk (dove 1)

O '?(R“—’ ®r Generalization !
2) -f:(R“—- (.




